In this paper, let P l n;≤s;k denote a set of k-flaw preference sets (a 1 , . . . , a n ) with n parking spaces satisfying that 1 ≤ a i ≤ s for any i and a 1 = l and p l n;≤s;k = |P l n;≤s;k |.
Introduction
Throughout the paper, let [n] := {1, 2, . . . , n} and [m, n] := {m, . . . , n}. Suppose that n cars have to be parked in m parking spaces which are arranged in a line and numbered 1 to m from left to right. Each car has initial parking preference a i ; if space a i is occupied, the car moves to the first unoccupied space to the right. We call (a 1 , . . . , a n ) preference set. Clearly, the number of preference sets is m n . If a preference set (a 1 , . . . , a n ) satisfies a i ≤ a i+1 for 1 ≤ i ≤ n − 1, then we say that the preference set is ordered. If all the cars can find a parking space, then we say the preference set is a parking function. If there are exactly k cars which can't be parked, then the preference set is called a k-flaw preference set.
Let n, m, s, and k be four nonnegative integers with 1 ≤ s ≤ m and k ≤ n − 1. Suppose that there are m parking spaces. We use P n,m;≤s;k to denote a set of k-flaw preference sets (a 1 , . . . , a n ) of length n satisfying 1 ≤ a i ≤ s for all i. For 1 ≤ l ≤ s, we use P l n,m;≤s;k to denote a set of preference sets (a 1 , . . . , a n ) ∈ P n,m;≤s;k such that a 1 = l. Let p n,m;≤s;k = |P n,m;≤s;k | and p l n,m;≤s;k = |P l n,m;≤s;k |. For any of the above cases, if the parameter k ( resp. m ) doesn't appear, we understand k = 0 ( resp. m = n ); if the parameter m and s are both erased, we understand s = m = n.
There are some results about parking functions with s = m = n. Riordan introduced parking functions in [15] . He derived that the number of parking functions of length n is (n + 1) n−1 , which coincides with the number of labeled trees on n + 1 vertices by Cayley's formula.
Several bijections between the two sets are known (e.g., see [7, 15, 16] ). Furthermore, define a generating function P (x) = n≥0 (n+1) n−1 n! x n . It is well known that xP (x) is the compositional inverse of the function ψ(x) = xe −x , i.e., ψ(xP (x)) = x. Riordan concluded that the number of ordered parking functions is 1 n+1 2n n , which is also equals the number of Dyck path of semilength n. Parking functions have been found in connection to many other combinatorial structures such as acyclic mappings, polytopes, non-crossing partitions, non-nesting partitions, hyperplane arrangements,etc. Refer to [6, 7, 8, 13, 17, 18] for more information.
Any parking function (a 1 , . . . , a n ) can be redefined such that its increasing rearrangement (b 1 , . . . , b n ) satisfies b i ≤ i. Pitman and Stanley generalized the notion of parking functions in [13] . Let x = (x 1 , . . . , x n ) be a sequence of positive integers. The sequence α = (a 1 , . . . , a n ) is called an x-parking function if the non-decreasing rearrangement (b 1 , . . . , b n ) of α satisfies b i ≤ x 1 + . . . + x i for any 1 ≤ i ≤ n. Thus, the ordinary parking function is the case x = (1, . . . , 1). By the determinant formula of Gončarove polynomials, Kung and Yan [12] obtained the number of x-parking functions for an arbitrary x. See also [19, 20, 21] for the explicit formulas and properties for some specified cases of x.
An x-parking function (a 1 , . . . , a n ) is said to be k-leading if a 1 = k. Let q n,k denote the number of k-leading ordinary parking functions of length n. Foata and Riordan [7] derived a generating function for q n,k algebraically. Recently, Sen-peng Eu, Tung-shan Fu and Chun-Ju Lai [3] gave a combinatorial approach to the enumeration of (a, b, . . . , b)-parking functions by their leading terms.
Riordan [15] told us the relations between ordered parking functions and Dyck paths. Senpeng Eu et al. [4, 5] considered the problem of the enumerations of lattice paths with flaws.
It is natural to consider the problem of the enumerations of preference sets with flaws. There is a interesting facts. Salmon and Cayley in 1849 established the classical configuration of 27 lines in a general cubic surface. Given a line l, the number of lines, which are disjoint from, intersect or are equal to l, are 16,10 and 1, respectively, see [9] for the detail information.
These number exactly are the number of 0-, 1-and 2-flaw preference sets of length 3. Peter J Cameron et al. [1] indicate that there are some relations between k-flaw preference sets and the context of hashing since data would be lost. Also they counted the number of k-flaw preference sets and calculate the asymptotic. Ordered k-flaw preference sets were studied in [10] and some enumerations for some parking functions were given in [11] .
In this paper, we use the methods developed by Sen-peng Eu et al. [3] to study k-flaw preference sets. Sen-peng Eu et al. find that triplet-labelled rooted forests enable (a, 1, . . . , 1)-parking functions to be manipulated on forests easily. The methods are different with that in [1] . We consider triplet-labelled rooted forests associated with k-flaw preference sets and establish a bijection between k-flaw preference sets and label rooted forests, so as to enumerate k-flaw preference sets by leading term.
First, we enumerate k-flaw preference sets in the set P n;≤s;k . Then we consider the triplet-labelled rooted forests and bijections associated with the parking functions in the set P n,n+k;≤n+k . Using these bijections, we find that p 1 n,n+k;≤n+k = p 2 n,n+k;≤n+k = . . . = p k+1 n,n+k;≤n+k for any k ≥ 0. Taking l = 1, we have (1) p 1 n,n+k;≤n+k = p n−1,n+k;≤n+k for any k ≥ 0 and n ≥ 1;
To enumerate k-flaw preference sets in the set P l n;≤s;k , we study the triplet-labelled rooted forests and bijections associated with the k-flaw preference sets in the set P n;≤s;k . We prove that p 1 n;≤s;k = p 2 n;≤s;k = . . . = p k n;≤s;k for any k ≥ 1; letting l = 1, we have p with s = l, we derive some interesting identities: (1) p s n;≤s;k+1 = p 1 n;≤s;k for any k ≥ 1 and k + 2 ≤ s ≤ n; (2) p s n+1;≤s;k = p n;≤s;k for k ≥ 0 and k + 1 ≤ s ≤ n; (3) p s n+1;≤s;k = p n;≤s;k for any k ≥ 0 and k + 1 ≤ s ≤ n; (4) p n n;1 = p 2 n for any n ≥ 2; (5) p n n;1 − p n−1 n;1 = p n−2 for any n ≥ 2. When k ≤ l ≤ s − 1, we obtain the following recurrence relation
We also are interested in generating functions for some sequences. For any k ≥ 1 and s ≥ 0,
For any l ≥ 0 and k ≥ 0, define a generating function
and H(x, y, z) = xP (xy) 1−y
. Define a generating function W (x, y, z, v) = k≥1 s≥0 l≥s n≥k+l p n−l n;≤n−s;k
R(xy, z)
where R(x, y) = P (x)−y e xy −y and F (x, y, z) = x e xyz −z P (xy)(P (x)−yP (xy)) 1−y
Recently, Postnikov and Shapiro [14] gave a new generalization, building on work of Cori, Rossin and Salvy [2] , the G-parking functions of a graph. For the complete graph G = K n+1 , the defined functions in [14] are exactly the classical parking functions. So, in the future work, we will consider k-flaw G-parking function.
We organize this paper as follows. In Section 2, we enumerate k-flaw preference sets in the set P n;≤s;k . In Section 3, we consider the triplet-labelled rooted forests and bijections associated with the parking functions in the set P n,n+k;≤n+k . In Section 4, we give the enumerations of parking functions in the set P l n,n+k;≤n+k . In Section 5, we study the triplet-labelled rooted forests and bijections associated with the k-flaw preference sets in the set P n;≤s;k . In Section 6,
we investigate the problems of the enumerations of preference sets in the set P l n;≤s;k . In Section 7, we obtain some generating functions for some sequences given in the previous sections. In Appendix, we list the values of p l n;≤s;k for n ≤ 7 and p l n,n+k;≤n+k for any n ≤ 5 and k ≤ 3.
2 Counting the number of elements in P n;≤s;k
In this section, we will consider the enumerations of preference sets in the set P n;≤s;k .
Proof. For any α = (a 1 , . . . , a n ) ∈ P n;≤s;k , suppose that the (n − i)-th parking space is the last empty one. Obviously, n − s + 1 ≤ i ≤ n − k. Let S = {j | a j > n − i} and α S be a subsequence of α determined by the subscripts in S.
There are n i+k ways to choose i + k numbers from [n] for the elements in S. There are p i+k;≤s+i−n and p n−k−i,n−i−1;≤n−i−1 possibilities for α S and α T , respectively. Hence, for any 1 ≤ k ≤ s − 1, we have,
3 Triple-labelled rooted forests and a bijection
In this section, we consider the triplet-labelled rooted forests and bijections associated with the parking functions in the set P n,n+k;≤n+k . Using these bijections, we give the enumerations of parking functions in the set P l n,n+k;≤n+k .
Let B n,k be a set of all sequences (T 0 , . . . , T k ) of length k + 1 such that (1) the union of the
is just an artificial label; (2) each T i is a tree with root R i ; (3) T i and T j are disjoint if i = j.
Let F ∈ B n,k . For any x ∈ [n], there is an unique root R i which is connected with x.
Define the height of x to be the number of edges connecting x with root R i . If the height of a vertex z is less than the height of x and {z, x} is an edge of F , then z is the predecessor of
x, x is a child of z, and write z = pre(x) and x ∈ child(z).
Fixing a sequence F of rooted trees in B n,k , we define a linear order < F on [n] by the following rules. Let x, y ∈ [n].
(1) For any i = j, x ∈ T i and y ∈ T j , if i < j, then x < F y.
(2) For any i and x, y ∈ T i , if the height of x is less than the height of y, then x < F y; if the height of x is equals the height of y, and pre(x) < F pre(y), then x < F y.
(3) For any i and x, y ∈ T i , if pre(x) = pre(y), but x < y, then x < F y.
The sequence formed by writing {1, . . . , n} in the increasing order with respect to < F is denoted by σ
. And the permutation σ F is the inversion of σ
Next, we define the forest specification of F . Let m i be the number of the vertices in
. . , r n+k ) as follows.
(1) r 1 is the number of children of the vertex R 0 .
(2) r i is the number of children of the vertex σ −1
is the number of children of the vertex R i for 1 ≤ i ≤ k.
(4) r i is the number of children of the vertex σ −1
Given F ∈ B n,k , we may obtain (r F , σ F ). Let
It is well known that each labeled tree on n+1 vertices would correspond to a parking function of length n. So, we obtain a parking function α F = (a 1 , . . . , a n ) ∈ P n,n+k;≤n+k and parking spaces m 1 , . . . , m k could not be occupied.
Conversely, for any α = (a 1 , . . . , a n ) ∈ P n,n+k;n+k , let r α = (r 1 , . . . , r n+k ) be the specif icatioin of α, i.e., r i = |{j | a j = i}|. Furthermore, we may suppose that parking spaces m 1 , . . . , m k are empty, then r m i = 0 for i = 1, . . . , k.
α be the inversion of π α .
Let
By m 1 , . . . , m k , we can decompose r α and π −1 α into the following k+1 subsequences,respectively:
and
We associate (r i , σ i ) with a rooted tree T i on t i + 1 vertices. The vertex set of T i is
is just an artificial label. Let R i be the root of
. So, we obtain a rooted forest F α with k + 1 components
Lemma 3.1. There is a bijection φ between P n,n+k;≤n+k and B n,k .
Corollary 3.1. Let α = (a 1 , . . . , a n ) ∈ P n,n+k;≤n+k and
x is a child of root R s for some 0 ≤ s ≤ k. Let µ be the number of the non-root vertices of
Proof. Since α ∈ P n,n+k;≤n+k , we could obtain (r α , π Corollary 3.2. Let α ∈ P n,n+k;≤n+k and
Proof. Since α ∈ P n,n+k;≤n+k , we could obtain (r α , π −1 α ) and suppose that parking spaces m 1 ,. . .,m k couldn't be occupied. Then there are the subsequences (r s , σ s ) of (r α , π
r i,m ) for some j and l. Note that π α (x 1 ) = m s − s + j and
By Corollary 3.1 and Corollary 3.2, we may associate α with a (k + 1)-component rooted forestF α on n + k + 1 vertices, called triplet-labeled rooted f orest. Since α ∈ P n,n+k;≤n+k , we suppose that parking spaces m 1 , . . . , m k couldn't be occupied. Let m 0 = 0 and
is just an artificial label for discriminating the additional triplets.
and y 2 = z 1 + i + 1.
For example, take n = 12 and α = (7, 1, 11, 12, 6, 11, 12, 2, 6, 2, 6, 12, 1) ∈ P 12,14;≤14 . It is easy to check that m 1 = 4 and m 2 = 11. Hence, µ 0 = 0, µ 1 = 3 and µ 2 = 9. We can obtain the following table: For any α ∈ P n,n+k;≤n+k , by triplet-labelled rooted forestF α associated with α, we could obtain the bijection φ between P n,n+k;≤n+k and B n,k .
Given α ∈ P n,n+k;≤n+k , letF α be a triplet-labelled rooted forestF α associated with α. Let 
To describe φ −1 , for each F ∈ B n,k , let F = (T 0 , . . . , T k ) and the tree T i have the root R i for each i. We express F in a form, called canonical form, of a plane rooted forest. Let T 0 , . . ., T k be placed from left to right. If a vertex has more than one child then the labels of these children are increasing from left to right. Let µ 0 = 0 and µ i be the number of the non-root vertices in
, where y j and z j are determined by the following algorithm A.
Algorithm A.
(1) Let F = (T 0 , . . . , T k ). Traverse T i by a breadth-first search, suppose j is the s-th non-root vertex and label the third entries z j = s + µ i .
(2) For any two v = (x 1 , y 1 , z 1 ) and u = (x 2 , y 2 , z 2 ), if u is a child of v and x 1 = R i , then
; if u is a child of v, the vertices x 1 and x 2 are in T i and x 1 , x 2 ∈ [n], then
Sorting the triplets of non-vertices by the first entries, the sequence ϕ −1 (F ) = (y 1 , . . . , y n ), which is formed by their second entries, is the required parking function. Obviously, parking spaces µ i + i couldn't be occupied for 1 ≤ i ≤ k.
For any α = (a 1 , . . . , a n ) ∈ P n,n+k;≤n+k , we may obtain r α = (r 1 , . . . , r n+k ) and π α = (π α (1), . . . , π α (n)) and suppose that parking spaces m 1 , . . . , m k couldn't be occupied with m 1 < m 2 < . . . < m k , then define the following parameters about α:
(1) l α : the leading term of α, i.e., l α = a 1 ;
(2) n α : the number of a 1 in α, i.e., t α = |{i | a i = a 1 }|;
denote the set of triplet-labelled rooted forests F ′ α associated with α ∈ P l n,n+k;≤n+k . If R is a set consisting of some parking functions, then we always use F (R) to denote the set of triplet-labelled rooted forests associated with the parking functions in R.
The following lemma has the same proof as the lemma in [3] . For the sake of completeness, we still prove it as follows.
. Then there is a bijection from A 1 to C 1 .
Proof. It suffices to establish a bijection ψ :
and T hα − T hα (u) has at least l − h α vertices. On the other hand, u ∈ T hα implies that there are at least l − h α − 1 terms a j satisfying g α + 1 ≤ a j < l. Hence, if n α ≥ 2, then there are at least l − h α vertices in T hα − T hα (u) as well.
Let (R hα , 0, g α − h α ) be the 0-th vertex. Traverse T hα − T hα (u) by breadth-first search and locate the (l − g α )-th vertex in T hα − T hα (u), say v. By attaching T hα (u) to v so that u is the first child of v in T hα − T hα (u), updating the second and the third entries of all non-root vertices by Algorithm A, and the other trees remain unchangeable, we obtain ψ(F α ). the triplet of u becomes (1, l + 1, π(1)). l ≥ g α + 1 implies that ψ(F α ) ∈ F (C 1 ).
To find ψ −1 , given anF β ∈ F (C 1 ), let u = (1, l + 1, π β (1)) ∈F β and v the parent of u.
InF β , we locate the vertex, say w, the third entry of which is equal to l − h β − 1. Attach T h β (u) to w so that u is the first child of w. By Algorithm A, the updated triplet of u becomes (1, l, π(1)) and the other trees are unchangeable. We observe that either π(1) = l if v is another child of w, or
For
Observe that τ α > l − h α . On Fig.3 is the forestF α associated with α. Let u = (1, 2, 3).
Note that v = (11, 1, 2) is the 2-th vertex ofF α − T 1 (u) that is visited by a breadth-first search. On Fig.4 is the corresponding forest ψ(F α ), which is obtained fromF α − T 1 (u) with 
n,n+k;≤n+k | l = g α }, then there is a bijection from A 2 to C 2 .
Obviously, u ∈ T hα . Let r hα+1 be the root of the tree T hα+1 . Delete T hα (u) from T hα and attach T hα (u) to r hα+1 so that u is the first child of r hα+1 . Then updating the second and the third entries of all non-root vertices by Algorithm A, and the other trees remain unchangeable, we obtain ψ(F α ). The triplet of u becomes (1, l + 1, l − h α ). Supposê
To
breadth-first search and suppose v is the last vertex. Delete T h β (u) from T h β and attach T h β (u) to v. Then updating the second and the third entries of all non-root vertices by Algorithm A, and the other trees remain unchangeable, we obtain ψ −1 (F β ). The triplet of u becomes
For example, take n = 10, k = 2 and l = 3. We consider a parking function α = (3, 10, 4, 10, 7, 1, 4, 1, 10, 7) ∈ P 10,12;≤12 . Then h α = 0, τ α = 3 and t α = 1. Observe that Fig.6 is the corresponding forest ψ(F α ), which is obtained fromF α − T 1 (u)
with T 1 (u) attached to (R 1 , 0, 5) and with the second and third entries of the triplet updated.
Sorting the triplets of non-root vertices by the first entries, we retrieve the corresponding parking function (4, 10, 5, 10, 4, 1, 5, 1, 10, 4) with leading term 4 from their second entries. 
n,n+k+1;≤n+k+1 | m β = l}, then there is a bijection from A 3 to C 3 .
Proof. For any α = (l, a 2 , . . . , a n ) ∈ A 3 , let β = (n + k + 1, a 2 , . . . , a n ). Let S = {j | l + 1 ≤ a i ≤ n + k} and T = {j | m α + 1 ≤ a i ≤ l − 1}. Furthermore, let α S and α T be two subsequences of α determined by the subscripts in S and T , respectively. Since α ∈ A 3 , α S and α T correspond with a parking function of length n + k − l and l − m α − 1, respectively.
Conversely, for any β = (n + k + 1, a 2 , . . . , a n ) ∈ C 3 , let α = (l, a 2 , . . . , a n ). m β = l implies α ∈ A 3 . This complete the proof.
Proof. Lemma 3.4 implies that |A 3 | = |C 3 |. For any α = (a 1 , . . . , a n ) ∈ C 3 , let S = {j | a i ≤ l − 1} and T = [n] \ S, then |S| = l − k − 1 and |T | = n + k + 1 − l. Furthermore, let α S and α T be two subsequences of α determined by the subscripts in S and T , respectively.
There are
ways to choose l − k − 1 numbers from [2, n] for the elements in S.
There are p l−k−1,l−1,≤l−1 and p n+k−l possibilities for α S and α T , respectively. Hence, we have
4 Enumerations for parking functions in P l n,n+k;≤n+k
In this section, with the benefit of the triplet-labelled rooted forests, we enumerate parking functions in the set P l n,n+k;≤n+k . Proof. Let A 1 and C 1 be defined as that in Lemma 3.2, A 2 and C 2 defined as that in Proof.
(1) For any α = (1, a 2 , . . . , a n ) ∈ P 1 n,n+k;≤n+k , let ψ(α) = (a 2 , . . . , a n ), then ψ(α) ∈ P n−1,n+k;≤n+k . Obviously, the mapping ψ is a bijection between the sets P 1 n,n+k;≤n+k and P n−1,n+k;≤n+k . Hence, p 1 n,n+k;≤n+k = p n−1,n+k;≤n+k for any k ≥ 0 and n ≥ 1.
(2) For any α ∈ P 1 n,n+k,≤n+k , we suppose that the last parking space which don't be occupied is i.
Let α S and α T be two subsequences of α determined by the subscripts in S and T , respectively. Then we have α S ∈ P Hence, we have
Proof. Let A = {α ∈ P l n,n+k;≤n+k | h α = k, n α = 1, τ α = l − k} and B = P Proof. For any α = (n + k, a 2 , . . . , a n ) ∈ P n+k n,n+k;≤n+k , let ϕ(α) = (a 2 , . . . , a n ), then ϕ(α) ∈ P n−1,n+k−1;≤n+k−1 . Obviously, this is a bijection.
5 The Bijections for k-flaw preference sets in P l n;≤s;k
In this section, we consider triplet-labelled rooted forests associated with preference sets in the set P l n;≤s;k .
For any 1 ≤ s ≤ n, let B n,s,k denote a set of the forests F = (T 0 , . . . , T k ) ∈ B n,k such that
(1) the tree T k has at least n + k − s + 1 vertices; (2) all the vertices σ −1
F is the linear order on [n] with respect to < F .
Lemma 5.1. Let n and k be two nonnegative integers. Suppose that 1 ≤ s ≤ n and the mapping φ is defined as that in Lemma 3.1, then φ is a bijection between the sets P n;≤s;k and B n,s,k .
Proof. For any α = (a 1 , . . . , a n ) ∈ P n;≤s;k , if we add k parking spaces, then α can be viewed as an element in the set P n,n+k;≤n+k . So, we may suppose that the empty parking spaces are m 1 , . . . , m k andF α = (T 0 , . . . , T k ) is the triple-let labeled rooted forest associated with α. Lemma 3.1 implies that φ(α) ∈ B n,k . Since s ≤ n, we have m k ≤ s − 1, hence, the tree T k has at least n + k − s + 1 vertices. On the other hand, let r α and π α be the specification and the permutation on [n] of α, respectively. Then the vertex π
Conversely, for any F ∈ B n,s,k , Lemma 3.1 tells us that φ −1 (F ) = (a 1 , . . . , a n ) ∈ P n,n+k;≤n+k .
Suppose that all the empty parking spaces are m 1 , . . . , m k , then m k ≤ s − 1 since T k has at least n + k − s + 1 vertices. Let σ since the vertices σ −1
F (n) are leaves. If we erase exact k parking spaces n+1, . . . , n+k, then there are k cars which can't be parked, hence, φ −1 (F ) ∈ P n;≤s;k .
The proofs of the following four lemmas is similar to Lemmas 3.2, 3.3, 3.4 and 3.5. We just state them as follows.
n+k−l;≤s−l;1 .
Using the above four lemmas, we may consider the problem of enumerations of preferences sets in the set P l n;≤s;k .
6 Enumerations for the preference sets in P l n;≤s;k First, we study the case with 1 ≤ l ≤ k. 
Proof. For any α = (a 1 , . . . , a n ) ∈ P 1 n;≤s;k , we suppose that the last empty parking space is 
Now, we consider the case with l = s.
Theorem 6.3. p s n;≤s;k+1 = p 1 n;≤s;k for any k ≥ 1 and k + 2 ≤ s ≤ n.
Proof. It suffices to establish a bijection ϕ : F (P 1 n;≤s;k ) → F (P s n;≤s;k+1 ). Given an by Algorithm A, we obtain ϕ(F α ) ∈ F (P s n;≤s;k+1 ).
Clearly, w ∈ T It is easy to check that ϕ if a bijection from the sets p s n+1;≤s;k to P n;≤s;k . Hence, p s n+1;≤s;k = p n;≤s;k .
Corollary 6.1. Let k, n and s be three integers. Suppose k ≥ 1 and k + 2 ≤ s ≤ n. Then p 1 n+1;≤s;k = p n;≤s;k+1 .
Proof. By Theorems 6.3 and 6.4, we immediately obtain the desired results.
Theorem 6.5. p n n;1 = p 2 n for any n ≥ 2. 2, π α (1) ) ∈T α and w = (R 0 , 0, 0) be the root ofT α . Suppose the number of the vertices inT α (u) is a. Obviously, a ≥ 1. Let the triplets of w and u become (R 1 , 0, a − 1) and (R 0 , 0, 0), respectively. We denote T 0 =T α (u). DeletingT α (u) fromT α and traversinĝ T α −T α (u) by breadth-first search and suppose v is the (n − 1 − a)-th vertex, attaching a new vertex s, where the first entry of s is 1, as the first child v, we denote the obtained tree as T 1 .
Then updating the second and the third entries of all non-root vertices by Algorithm A, we obtain ψ(T α ) ∈ F (P n n;1 ).
Suppose u = (R 0 , 0, 0) is the root of T 0 , the number of non-root vertices of T 0 is a and the root of T 1 is w = (R 1 , 0, a). Delete the vertex s from T 1 . Let the first entry of the triplets of u become 1 and the triplets of w become (R 0 , 0, 0). Traverse T 1 by breadth-first search and suppose v is the first non-root vertex and attach u to be the first child of v. Then updating the second and the third entries of all non-root vertices by Algorithm A, we obtain ϕ −1 (F β ).
The triplet of u becomes (1, 2, π(1)).
Lemma 6.1. For any n ≥ 2, we have p n n;1 − p n−1 n;1 = p n−2
Proof. Let A 1 = {α ∈ P n−1 n;1 | r n−1 + r n ≤ 2} and C 1 = {β ∈ P n n;1 | r n−1 + r n ≤ 2 and m β < n − 1}. Let A 2 = {α ∈ P n−1 n;1 | r n−1 = 3} and C 2 = {β ∈ P n n;1 | r n−1 = 2 and r n = 1}. For any α = (n − 1, a 2 , . . . , a n ) ∈ A 1 ∪ A 2 , we consider the mapping ψ 1 (α) = (n, a 2 , . . . , a n ) ∈ C 1 ∪ C 2 .
Clearly, the mapping ψ 1 is a bijection from the sets A 1 ∪ A 2 and C 1 ∪ C 2 .
Let A 3 = {α ∈ P n−1 n;1 | r n = 1 and r n−1 = 2} and C 3 = {β ∈ P n n;1 | r n−1 = 1 and r n = 2}.
For any α = (a 1 , . . . , a n ) ∈ A 3 , obviously, a 1 = n − 1 and there are i = 1 and j such that
It is easy to obtain that ψ 2 is a bijection between the sets A 3 to C 3 .
Let A 4 = {α ∈ P n−1 n;1 | r n = 2 and r n−1 = 1} and C 4 = {β ∈ P n n;1 | r n = 2 and m β = n − 1}.
Note that (A 1 , A 2 , A 3 , A 4 ) and (C 1 , C 2 , C 3 , C 4 ) form a partition for P n−1 n;1 and P n n;1 , respectively.
Hence, p and
To enumerate preference sets in P l n;≤s;k with k ≤ l ≤ s, we need the following lemma. Proof. For any α = (a 1 , . . . , a n ) ∈P l n;≤s;k , we suppose that the last empty parking space 
The generating function
In this section, we will study some generating functions for some sequences given in the previous sections. First, we need the following three lemmas [11] .
Now, for any k ≥ 1 and s ≥ 0, we define a generating function D k,s (x) = n≥s+k p n;≤n−s;k n! x n .
Theorem 7.1. Suppose s ≥ 0 and k ≥ 1. Let D k,s (x) be the generating function for p n;≤n−s;k , then
Proof. By Lemma 2.1, we have
hence,
Proof. By Theorem 7.1, we have
Hence,
.
For any k ≥ 1, we define a generating function
Equivalently,
Proof. By Theorem 7.2, we have
k+1 P (xy). Equivalently, we have
Furthermore,
. P (x) − y e xy − y − (1 − z)P (x) e xzP (x) − zP (x) .
Proof 
